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Abstract

This document provides detailed explanations of the mathematical operations
in machine learning algorithms, focusing on why each operation is necessary and
how it achieves its purpose. Through concrete examples with actual numerical
computations, we demonstrate the inner workings of algorithms and the reasoning
behind each mathematical step. This extended version includes comprehensive
coverage of optimization algorithms (Particle Swarm, Ant Colony, Fuzzy Logic,
Genetic Algorithms) and advanced neural architectures (RNN, CNN, Attention,
Transformers).
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1 Introduction to Mathematical Reasoning in ML

1.1 The Importance of Understanding Operations

Machine learning algorithms are built on mathematical foundations where each operation
serves a specific purpose. Understanding these operations is crucial because:

• It enables proper algorithm selection for specific problems

• It helps diagnose and fix model performance issues

• It facilitates custom algorithm modifications

• It provides intuition for hyperparameter tuning

• It supports informed feature engineering decisions
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2 Advanced Optimization Algorithms

2.1 Particle Swarm Optimization (PSO)

2.1.1 Intuitive Concept

PSO mimics the social behavior of bird flocking or fish schooling. Each ”particle” rep-
resents a potential solution that moves through the search space, adjusting its position
based on its own experience and the experience of neighboring particles.

Search Space

Global Best

Figure 1: Particle Swarm Optimization: Particles exploring search space

2.1.2 Mathematical Formulation

Why PSO works: Social learning allows particles to share information about promising
regions of the search space, enabling efficient exploration.

Particle Update Equations:

vt+1
i = wvti + c1r1(pbest,i − xt

i) + c2r2(gbest − xt
i) (1)

xt+1
i = xt

i + vt+1
i (2)

Mathematical Operations Explained:

• Operation: wvti - Purpose: Inertia component. How: Scales previous
velocity. Why: Maintains momentum in the current direction, preventing abrupt
changes.

• Operation: c1r1(pbest,i − xt
i) - Purpose: Cognitive component. How: Attrac-

tion toward particle’s personal best. Why: Encourages exploitation of previously
found good solutions.

• Operation: c2r2(gbest − xt
i) - Purpose: Social component. How: Attraction

toward swarm’s global best. Why: Enables information sharing and collective
intelligence.

• Operation: xt+1
i = xt

i + vt+1
i - Purpose: Position update. How: Euler

integration of velocity. Why: Moves particle to new position in search space.
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2.1.3 Numerical Example

Problem: Minimize f(x) = x2 with x ∈ [−10, 10]
Initialization:

• Particle 1: x1 = −2, v1 = 0.5, pbest,1 = −2

• Particle 2: x2 = 3, v2 = −0.3, pbest,2 = 3

• Parameters: w = 0.7, c1 = c2 = 1.5, r1 = 0.6, r2 = 0.8

• Global best: gbest = −2 (since f(−2) = 4 < f(3) = 9)

Iteration 1 - Particle 1:

v11 = 0.7× 0.5 + 1.5× 0.6× (−2− (−2)) + 1.5× 0.8× (−2− (−2))

= 0.35 + 0 + 0 = 0.35

x1
1 = −2 + 0.35 = −1.65

Iteration 1 - Particle 2:

v12 = 0.7× (−0.3) + 1.5× 0.6× (3− 3) + 1.5× 0.8× (−2− 3)

= −0.21 + 0 + 1.5× 0.8× (−5) = −0.21− 6 = −6.21

x1
2 = 3 + (−6.21) = −3.21

Update personal bests:

• Particle 1: f(−1.65) = 2.72 < f(−2) = 4, so pbest,1 = −1.65

• Particle 2: f(−3.21) = 10.3 > f(3) = 9, so pbest,2 = 3 (unchanged)

Update global best: gbest = −1.65 (best position found)

2.2 Ant Colony Optimization (ACO)

2.2.1 Intuitive Concept

ACO mimics how ants find shortest paths to food sources using pheromone trails. Ants
deposit pheromones on paths, and other ants are more likely to follow paths with stronger
pheromone concentrations.

2.2.2 Mathematical Formulation

Why ACO works: Positive feedback through pheromone deposition reinforces good
solutions, while evaporation prevents premature convergence.

Probability of ant k moving from node i to node j:

pkij =
[τij]

α[ηij]
β∑

l∈allowed[τil]
α[ηil]β

(3)
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Figure 2: Ant Colony Optimization: Pheromone-based path finding

Pheromone Update:

τij = (1− ρ)τij +
m∑
k=1

∆τ kij (4)

∆τ kij =

{
Q
Lk

if ant k used edge (i,j)

0 otherwise
(5)

Mathematical Operations Explained:

• Operation: [τij]
α - Purpose: Pheromone influence. How: Power function of

pheromone level. Why: Controls exploitation of known good paths.

• Operation: [ηij]
β - Purpose: Heuristic influence. How: Power function

of heuristic information (e.g., 1/distance). Why: Guides exploration toward
promising directions.

• Operation: (1− ρ)τij - Purpose: Pheromone evaporation. How: Multiplies
current pheromone by evaporation factor. Why: Prevents unlimited pheromone
accumulation and enables forgetting poor paths.

• Operation: Q
Lk

- Purpose: Pheromone deposition. How: Inverse of path
length. Why: Shorter paths receive more pheromone, reinforcing better solutions.

2.2.3 Numerical Example: Traveling Salesman Problem

Problem: 3 cities with distances:

A B C
A 0 2 3
B 2 0 4
C 3 4 0

Initial pheromones: τAB = τAC = τBC = 1 Parameters: α = 1, β = 2, ρ = 0.1,
Q = 10
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Ant 1 path selection from A:

ηAB = 1/2 = 0.5, ηAC = 1/3 ≈ 0.333

pAB =
11 × 0.52

11 × 0.52 + 11 × 0.3332
=

0.25

0.25 + 0.111
≈ 0.693

pAC =
0.111

0.361
≈ 0.307

Ant chooses path A→B (higher probability), then B→C, completing tour A→B→C→A
with length 2 + 4 + 3 = 9.

Pheromone update:

∆τ 1AB = ∆τ 1BC = ∆τ 1CA = 10/9 ≈ 1.111

τAB = τBC = τCA = (1− 0.1)× 1 + 1.111 = 2.011

2.3 Genetic Algorithms (GA)

2.3.1 Intuitive Concept

GA mimics natural evolution through selection, crossover, and mutation operations. A
population of candidate solutions evolves over generations, with fitter individuals more
likely to reproduce.

Initial PopulationEvaluation Selection Crossover MutationNew Population

Figure 3: Genetic Algorithm: Evolutionary optimization cycle

2.3.2 Mathematical Formulation

Why GA works: Evolutionary operations maintain diversity while progressively im-
proving solution quality through selective pressure.

Selection Probability (Roulette Wheel):

pi =
fi∑N
j=1 fj

(6)

Single-Point Crossover:

Parent1: 1101|0010 (7)

Parent2: 1010|1101 (8)

Child: 1101|1101 (9)

Mutation:

Before: 11010010 (10)

After: 11010011 (bit flip) (11)

Mathematical Operations Explained:
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• Operation: pi =
fi∑
fj

- Purpose: Fitness-proportional selection. How: Nor-

malized fitness values. Why: Gives better solutions higher reproduction proba-
bility.

• Operation: Crossover - Purpose: Genetic recombination. How: Exchange
genetic material between parents. Why: Combines beneficial traits from different
solutions.

• Operation: Mutation - Purpose: Introduce diversity. How: Random
changes to genetic material. Why: Prevents premature convergence and explores
new regions.

• Operation: Elitism - Purpose: Preserve best solutions. How: Copy best
individuals unchanged. Why: Prevents loss of good solutions found so far.

2.3.3 Numerical Example: Maximize f(x) = x2 with 3-bit encoding

Initial population: [011 (3), 101 (5), 110 (6), 001 (1)]
Fitness evaluation: [9, 25, 36, 1]
Selection probabilities:

∑
f = 71, p = [9/71, 25/71, 36/71, 1/71] ≈ [0.127, 0.352, 0.507, 0.014]

Selected parents: [110, 101, 110, 101] (based on probabilities)
Crossover (single-point between bit 1-2):

110|0 and 101|0
Children: 1100 and 1010

Mutation (bit 3 flip with probability 0.1): 1100 → 1110 (7), fitness = 49
New population: [1110 (7), 1010 (5), 1100 (6), 1010 (5)] - improved average fitness!

2.4 Fuzzy Logic Systems

2.4.1 Intuitive Concept

Fuzzy logic handles uncertainty and partial truth using degrees of membership rather
than binary true/false values. It’s particularly useful for systems with imprecise inputs
or human-like reasoning.

FuzzificationFuzzy Rules InferenceDefuzzification

Temperature

Membership

Cold Warm Hot

Input

Figure 4: Fuzzy Logic System: From crisp input to crisp output
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2.4.2 Mathematical Formulation

Why Fuzzy Logic works: It handles real-world uncertainty and provides smooth con-
trol actions using linguistic variables and approximate reasoning.

Membership Functions:

µcold(x) = max(0,min(1,
20− x

10
)) (12)

µhot(x) = max(0,min(1,
x− 25

10
)) (13)

Fuzzy Rules:

IF temperature is cold AND humidity is high THEN fan speed is high (14)

IF temperature is warm AND humidity is medium THEN fan speed is medium (15)

Defuzzification (Centroid Method):

y∗ =

∫
y · µ(y)dy∫
µ(y)dy

(16)

Mathematical Operations Explained:

• Operation: µA(x) - Purpose: Membership degree. How: Function mapping
input to [0,1]. Why: Represents degree of truth for linguistic variables.

• Operation: min(µA(x), µB(y)) - Purpose: AND operation. How: Minimum
of membership degrees. Why: Implements fuzzy conjunction in rules.

• Operation: max(µA(x), µB(x)) - Purpose: OR operation. How: Maximum
of membership degrees. Why: Implements fuzzy disjunction.

• Operation:
∫
y·µ(y)dy∫
µ(y)dy

- Purpose: Centroid defuzzification. How: Weighted

average of output membership. Why: Converts fuzzy output to crisp value.

2.4.3 Numerical Example: Air Conditioner Control

Input: Temperature = 27°C, Humidity = 70%
Fuzzification:

µwarm(27) = max(0,min(1,
35− 27

10
)) = 0.8

µhot(27) = max(0,min(1,
27− 25

10
)) = 0.2

µhigh(70) = max(0,min(1,
70− 50

30
)) = 0.667

Rule Evaluation:

IF warm AND high THEN medium: min(0.8, 0.667) = 0.667

IF hot AND high THEN high: min(0.2, 0.667) = 0.2

Defuzzification (simplified): Assuming output membership functions:

Medium: triangular centered at 50

High: triangular centered at 80

Output =
0.667× 50 + 0.2× 80

0.667 + 0.2
≈ 56.9
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3 Advanced Neural Network Architectures

3.1 Recurrent Neural Networks (RNNs)

3.1.1 Intuitive Concept

RNNs process sequential data by maintaining internal state (memory) that captures
information about previous elements in the sequence. This makes them suitable for time
series, text, and other sequential data.

x1

h1

y1

x2

h2

y2

x3

h3

y3

Wxh

Why

Whh

Figure 5: Recurrent Neural Network: Unfolded through time

3.1.2 Mathematical Formulation

Why RNNs work: The hidden state acts as memory, allowing the network to maintain
context across sequence elements.

Forward Propagation:

ht = tanh(Wxhxt +Whhht−1 + bh) (17)

yt = softmax(Whyht + by) (18)

Backpropagation Through Time (BPTT):

∂L

∂Whh

=
T∑
t=1

∂L

∂ht

∂ht

∂Whh

(19)

∂ht

∂Whh

=
∂ht

∂Whh

+
∂ht

∂ht−1

∂ht−1

∂Whh

(20)

Mathematical Operations Explained:

• Operation: Wxhxt +Whhht−1 - Purpose: Combine input with previous state.
How: Linear transformations. Why: Current prediction depends on both
current input and past context.

• Operation: tanh(·) - Purpose: Non-linear activation. How: Hyperbolic
tangent function. Why: Squashes values to [-1,1] and provides non-linearity.

• Operation: ∂ht

∂ht−1
- Purpose: Temporal gradient flow. How: Chain rule

through time. Why: Enables learning long-range dependencies (though limited
by vanishing gradients).
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• Operation:
∑T

t=1 - Purpose: Accumulate gradients. How: Sum over
sequence length. Why: Each weight update considers entire sequence context.

3.1.3 Numerical Example: Character-level Language Model

Vocabulary: [a, b], hidden size = 2
Parameters:

Wxh =

[
0.1 0.2
0.3 0.4

]
, Whh =

[
0.5 0.6
0.7 0.8

]
, bh =

[
0.1
0.2

]
Why =

[
0.9 1.0
1.1 1.2

]
, by =

[
0.3
0.4

]
Input sequence: ”a” → ”b” (one-hot encoded: [1,0] → [0,1])
Time step 1:

h0 =

[
0
0

]
, x1 =

[
1
0

]
z1 = Wxhx1 +Whhh0 + bh =

[
0.1 0.2
0.3 0.4

] [
1
0

]
+

[
0.1
0.2

]
=

[
0.2
0.5

]
h1 = tanh(z1) = tanh(

[
0.2
0.5

]
) ≈

[
0.197
0.462

]
y1 = softmax(Whyh1 + by) = softmax(

[
0.9 1.0
1.1 1.2

] [
0.197
0.462

]
+

[
0.3
0.4

]
)

= softmax(

[
0.647
0.975

]
) ≈

[
0.418
0.582

]
Time step 2:

x2 =

[
0
1

]
z2 = Wxhx2 +Whhh1 + bh =

[
0.1 0.2
0.3 0.4

] [
0
1

]
+

[
0.5 0.6
0.7 0.8

] [
0.197
0.462

]
+

[
0.1
0.2

]
=

[
0.2
0.4

]
+

[
0.377
0.600

]
+

[
0.1
0.2

]
=

[
0.677
1.200

]
h2 = tanh(

[
0.677
1.200

]
) ≈

[
0.590
0.834

]

3.2 Convolutional Neural Networks (CNNs) - Extended

3.2.1 Advanced CNN Concepts

Why CNNs excel at visual tasks: They exploit spatial locality and translation in-
variance through shared weights and hierarchical feature learning.

Dilated Convolutions:

(I ∗d K)ij =
∑
m

∑
n

Ii+d·m,j+d·nKm,n (21)
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Depthwise Separable Convolutions:

Depthwise: O:,:,k = I:,:,k ∗K:,:,k (22)

Pointwise: Output = Convolution1×1(O) (23)

Mathematical Operations Explained:

• Operation: ∗d (Dilated convolution) - Purpose: Increase receptive field. How:
Skip pixels in convolution. Why: Capture larger context without increasing
parameters.

• Operation: Depthwise convolution - Purpose: Spatial filtering per channel.
How: Separate convolution for each input channel. Why: Reduces computa-
tional cost while maintaining spatial relationships.

• Operation: Pointwise convolution - Purpose: Channel mixing. How: 1×1
convolution across channels. Why: Combines information from different channels
efficiently.

• Operation: Grouped convolutions - Purpose: Parallel processing. How: Split
channels into groups. Why: Enables wider networks with same computational
budget.

3.2.2 Numerical Example: Depthwise Separable Convolution

Input: I ∈ R5×5×3, Output channels: 4
Standard convolution: K ∈ R3×3×3×4

Operations: 5× 5× 3× 3× 3× 4 = 8100 multiplications

Depthwise separable:

• Depthwise: Kd ∈ R3×3×3

Operations: 5× 5× 3× 3× 3 = 675

• Pointwise: Kp ∈ R1×1×3×4

Operations: 5× 5× 3× 1× 1× 4 = 300

• Total: 975 operations (88% reduction!)

3.3 Attention Mechanism

3.3.1 Intuitive Concept

Attention allows models to focus on relevant parts of the input when making predictions.
It computes a weighted sum of values, where weights are determined by the compatibility
between queries and keys.
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Figure 6: Attention Mechanism: Weighted combination based on query-key similarity

3.3.2 Mathematical Formulation

Why Attention works: It enables dynamic feature selection and handles variable-
length sequences effectively.

Attention Calculation:

ei =
q · ki√
dk

(24)

αi =
exp(ei)∑
j exp(ej)

(25)

Output =
∑
i

αivi (26)

Multi-Head Attention:

Headi = Attention(QWQ
i , KWK

i , V W V
i ) (27)

MultiHead = Concat(Head1, . . . ,Headh)W
O (28)

Mathematical Operations Explained:

• Operation: q·ki√
dk

- Purpose: Scaled dot product. How: Dot product with
scaling factor. Why: Measures compatibility between query and key; scaling
prevents softmax saturation.

• Operation: softmax(e) - Purpose: Attention weights. How: Exponential
normalization. Why: Converts compatibility scores to probability distribution.

• Operation:
∑

i αivi - Purpose: Context vector. How: Weighted average of
values. Why: Focuses on most relevant information.

• Operation: Multi-head - Purpose: Parallel attention. How: Multiple
attention mechanisms. Why: Captures different aspects of relationships.
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3.3.3 Numerical Example: Sentence Translation

Input (English): ”cat sat on mat” Query: Representation of ”on” (what is the rela-
tionship?)

Keys and Values: Representations of all words
Compatibility scores:

ecat =
q · kcat√

dk
= −0.5

esat = 0.8

eon = 1.2

emat = 2.1

Attention weights:

α = softmax([−0.5, 0.8, 1.2, 2.1]) ≈ [0.05, 0.18, 0.27, 0.50]

Output: Weighted combination focusing on ”mat” (where the cat sat)

3.4 Transformer Architecture

3.4.1 Intuitive Concept

Transformers use self-attention to process all sequence elements simultaneously, enabling
parallel computation and capturing long-range dependencies more effectively than RNNs.

Encoder Layer 1

Encoder Layer 2

Encoder Layer 3

Decoder Layer 1

Decoder Layer 2

Decoder Layer 3

Input EmbeddingOutput Embedding

Self-Attention + FFNMasked Self-Attention + Cross-Attention + FFN

Figure 7: Transformer Architecture: Encoder-decoder with self-attention

3.4.2 Mathematical Formulation

Why Transformers work: Self-attention provides global receptive field, positional
encoding captures sequence order, and residual connections facilitate training deep net-
works.

Encoder Layer:

Z = LayerNorm(X +MultiHeadAttention(X,X,X)) (29)

Output = LayerNorm(Z + FFN(Z)) (30)

Positional Encoding:

PE(pos,2i) = sin
( pos

100002i/dmodel

)
(31)

PE(pos,2i+1) = cos
( pos

100002i/dmodel

)
(32)
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Decoder Masked Attention:

Mask(i, j) =

{
0 if i ≥ j

−∞ if i < j
(33)

Mathematical Operations Explained:

• Operation: LayerNorm(X + SubLayer(X)) - Purpose: Residual connection
with normalization. How: Add input to sublayer output, then normalize. Why:
Stabilizes training of deep networks.

• Operation: Positional encoding - Purpose: Inject sequence order. How: Si-
nusoidal functions of position. Why: Provides positional information to attention-
only architecture.

• Operation: Masked attention - Purpose: Prevent looking ahead. How: Set
future positions to−∞. Why: Ensures autoregressive property during generation.

• Operation: Feed-forward network - Purpose: Position-wise transformation.
How: Two linear layers with ReLU. Why: Adds non-linearity and capacity to
each position independently.

3.4.3 Numerical Example: Positional Encoding

Model dimension: dmodel = 4, Position: pos = 1

PE(1,0) = sin

(
1

100000/4

)
= sin(1) ≈ 0.841

PE(1,1) = cos

(
1

100000/4

)
= cos(1) ≈ 0.540

PE(1,2) = sin

(
1

100002/4

)
= sin

(
1

100

)
≈ 0.010

PE(1,3) = cos

(
1

100002/4

)
= cos

(
1

100

)
≈ 0.999

Positional encoding: [0.841, 0.540, 0.010, 0.999]

4 Comparative Analysis and Applications

4.1 Algorithm Selection Guide

4.2 Practical Implementation Considerations

4.2.1 Computational Complexity Analysis

Attention Mechanisms:

Complexity: O(n2 · d) where n is sequence length, d is dimension

Transformer Optimizations:

14



Table 1: Optimization Algorithms: Characteristics and Applications

Algorithm Strengths Limitations Best Applica-
tions

Particle
Swarm

Simple, paral-
lelizable, good
for continuous
spaces

May converge
prematurely,
sensitive to
parameters

Neural network
training, engi-
neering design

Ant Colony Excellent for dis-
crete optimiza-
tion, robust

Slow conver-
gence, memory
intensive

Routing prob-
lems, schedul-
ing, assignment

Genetic Algo-
rithms

Global search,
handles non-
differentiable
functions

Computationally
expensive, pa-
rameter tuning

Feature selec-
tion, neural
architecture
search

Fuzzy Logic Handles uncer-
tainty, inter-
pretable rules

Rule design can
be subjective,
computational
cost

Control systems,
decision sup-
port, pattern
recognition

• Sparse attention: O(n
√
n · d)

• Linformer: O(n · d) with low-rank approximation

• Reformer: O(n log n · d) with locality-sensitive hashing

4.2.2 Memory Requirements

Training vs Inference:

Training memory ≈ Model params + Activations + Optimizer states

Inference memory ≈ Model params + Current activations

5 Conclusion and Future Directions

5.1 Key Insights

• Optimization algorithms provide diverse strategies for solving complex problems
beyond gradient-based methods

• Evolutionary algorithms excel at global optimization but require careful param-
eter tuning

• Fuzzy systems bridge the gap between symbolic AI and numerical methods

• Attention mechanisms have revolutionized sequence modeling by enabling dy-
namic feature selection

• Transformers represent a fundamental architectural shift from recurrent to attention-
based processing
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Table 2: Neural Architectures: Characteristics and Applications

Architecture Strengths Limitations Best Applica-
tions

RNN/LSTM Sequential pro-
cessing, tempo-
ral dynamics

Sequential
computation,
vanishing gradi-
ents

Time series,
speech recogni-
tion, language
modeling

CNN Translation
invariance, pa-
rameter sharing

Limited rota-
tional invari-
ance, fixed
receptive field

Image recog-
nition, object
detection, video
analysis

Attention Dynamic feature
selection, inter-
pretable

Quadratic com-
plexity, no inher-
ent ordering

Machine transla-
tion, document
summarization

Transformer Parallel process-
ing, long-range
dependencies

High memory
usage, computa-
tional cost

Large lan-
guage models,
sequence-to-
sequence tasks

• Understanding mathematical operations is crucial for algorithm selection, modifi-
cation, and innovation

5.2 Emerging Trends

• Hybrid models combining different optimization strategies

• Efficient transformers for handling longer sequences

• Neuro-symbolic integration marrying neural networks with symbolic reasoning

• Multi-modal attention across different data types (text, image, audio)

• Self-supervised learning reducing dependency on labeled data

• Federated learning enabling privacy-preserving distributed training

5.3 Practical Recommendations

1. Start with simpler algorithms and progress to complex ones as needed

2. Consider problem constraints (computation, memory, latency) when selecting algo-
rithms

3. Use attention visualization for model interpretability

4. Employ evolutionary algorithms for hyperparameter optimization

5. Combine fuzzy logic with neural networks for interpretable AI systems
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6. Leverage transformer architectures for sequence-to-sequence tasks with long-range
dependencies
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